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We provide the most stringent constraint to date on possible deviations from the usually-assumed
Maxwell-Boltzmann (MB) velocity distribution for nuclei in the Big-Bang plasma. The impact
of non-extensive Tsallis statistics on thermonuclear reaction rates involved in standard models of
Big-Bang Nucleosynthesis (BBN) has been investigated. We find that the non-extensive parameter
q may deviate by, at most, |δq|=6×10−4 from unity for BBN predictions to be consistent with
observed primordial abundances; q=1 represents the classical Boltzmann-Gibbs statistics. This
constraint arises primarily from the supersensitivity of endothermic rates on the value of q, which is
found for the first time. As such, the implications of non-extensive statistics in other astrophysical
environments should be explored. This may offer new insight into the nucleosynthesis of heavy
elements.
PACS numbers: 26.35.+c, 05.20.-y, 02.50.-r, 52.25.Kn
Big-Bang Nucleosynthesis (BBN) began when the uni-
verse was 3-minutes old and ended less than half an hour
later when the nuclear reactions were quenched by the
low temperature and density conditions in the expand-
ing universe. Only the lightest nuclides (D, 3He, 4He, and
7Li) were synthesized in appreciable quantities through
BBN, and these relics provide us a unique window on
the early universe. Currently, standard BBN simulations
give acceptable agreement between theoretical and ob-
served abundances of D and 4He, but it is still difficult
to reconcile the predicted 7Li abundance with the ob-
servation for the Galactic halo stars (GHS). The BBN
model overestimates observations interpreted as primor-
dial 7Li abundance by about a factor of three [1, 2]. This
apparent discrepancy has promoted a wealth of experi-
mental and theoretical inquiries. However, conventional
nuclear physics seems unable to resolve the cosmologi-
cal lithium problem (e.g., see Refs. [3–8]). Indeed the
solution may lie in the refinement of observations given
that the recently observed [9] 7Li abundance of the low-
metallicity Small Magellanic Cloud (SMC) is consistent
with the BBN predictions.
In the BBN model, the predominant nuclear-physics
inputs are thermonuclear reaction rates (derived from
cross sections). In the past decades, great efforts have
been undertaken to determine these data with high ac-
curacy (e.g., see compilations [10–19]). A key assumption
in all thermonuclear rate determinations is that the ve-
locities of ions may be described by the classical Maxwell-
∗Electronic address: jianjunhe@impcas.ac.cn
Boltzmann (MB) distribution [20, 21]. It is well-known
that the MB distribution was derived for describing the
thermodynamic equilibrium properties of the ideal gas,
where the particles move freely without interacting with
one another, except for very brief collisions in which
they exchange energy and momentum with each other or
with their thermal environment. This classical distribu-
tion was ultimately verified by a high-resolution experi-
ment [22] at temperatures around 900 K. However, in real
gases, there are various effects (e.g., van der Waals inter-
actions, relativistic speed limits, etc.) that make their
speed distribution sometimes very different from the MB
form. Moreover, stellar systems are generally subject
to spatial long-range interactions, causing the thermo-
dynamics of many-body self-gravitating systems to show
some peculiar features differing drastically from typical
ones [23]. Therefore it is worth asking: with what level of
precision can the classical MB distribution be accurately
applied to an extreme environment such as found in the
Big-Bang plasma?
To address such issues, Tsallis proposed the concept
of generalized non-extensive entropy and set up the non-
extensive statistics or Tsallis statistics [24–26]. A pa-
rameter q was introduced to describe the degree of non-
extensivity of the system. q=1 represents the classi-
cal Boltzmann-Gibbs (BG) statistics; q>1 leads to an
entropy decrease, providing a state of ‘higher order’,
whereas for q<1 the entropy increases as usual in a
closed system, and the system can be considered to
evolve towards ‘disorder’. The implications of devia-
tions from classical statistics in stellar environments have
been examined, in part, before. For example, Clayton
et al. [27] explored using an ion distribution in the Sun
2with a depleted Maxwellian tail in an attempt to resolve
the famous solar neutrino problem, although this was
later understood to be a consequence of neutrino oscil-
lation. Later, Degl’Innocenti et al. [28] derived strong
constraints on such deviations by using the detailed he-
lioseismic information of the solar structure, and found
a small deviation δq lying between (-1.0∼0.4)%. Recent
work [29] has shown that only a small deviation δq (lying
between (-12∼5)% from the Maxwellian distribution is
allowed for the BBN based on the Tsallis statistics. On
the other hand, Torres et al. [30] investigated the impact
of non-extensive thermostatistics on the energy densities
and weak interaction rates in the early Universe, and
found |δq|<3.4×10−3.
In this Letter, we have numerically calculated the ther-
monuclear rates for relevant BBN reactions by using the
non-extensive q-Gaussian distribution. For the first time,
the forward and reverse reaction rates have been ob-
tained with such distribution coherently. With these non-
extensive rates, the primordial D, 3He and 4He and 7Li
abundances are predicted by a BBN code with the up-
to-date cosmological parameters and nuclear physics in-
puts. By comparing our predicted BBN abundances with
the most recent astronomical observational data, we have
tested the validity of describing the velocities of nuclei in
a hot thermal plasma by the MB distribution and ex-
amined if the use of non-extensive statistics may help to
resolve the cosmological lithium problem.
It is well-known that thermonuclear rate for a typical
1 + 2 → 3 + 4 reaction is usually calculated by folding
the cross section σ(E)12 with a MB distribution [21]
〈σv〉12 =
√
8
piµ12(kT )3
∫
∞
0
σ(E)12Eexp
(
−
E
kT
)
dE,
(1)
with k the Boltzmann constant, µ12 the reduced mass
of particles 1 and 2. In Tsallis statistics, the q-Gaussian
velocity distribution can be expressed by [31, 32]
fq(v) = Bq
( m
2pikT
)3/2 [
1− (q − 1)
mv2
2kT
] 1
q−1
, (2)
where Bq denotes the q-dependent normalization con-
stant. Thus, the non-extensive reaction rate becomes
〈σv〉12 = Bq
√
8
piµ12
×
1
(kT )3/2
∫ Emax
0
σ12(E)E
[
1− (q − 1)
E
kT
] 1
q−1
dE, (3)
with Emax=
kT
q−1 for q>1, and +∞ for 0<q<1. Here, the
q<0 case is excluded according to the maximum-entropy
principle [24, 26]. Usually, one defines the 1 + 2→ 3 + 4
reaction with positive Q value as the forward reaction,
the corresponding 3 + 4 → 1 + 2 with negative Q value
as the reverse one. Under the assumption of classical
statistics, the ratio between reverse and forward rates
can be expressed by [21]
〈σv〉34
〈σv〉12
= c× exp
(
−
Q
kT
)
, (4)
with a constant factor defined as c =
(2J1+1)(2J2+1)(1+δ34)
(2J3+1)(2J4+1)(1+δ12)
(
µ12
µ34
)3/2
. With Tsallis statis-
tics, however, the reverse rate is expressed as the
following equation:
〈σv〉34 = c×Bq
√
8
piµ12
×
1
(kT )3/2
∫ Emax−Q
0
σ12(E)E
[
1− (q − 1)
E +Q
kT
] 1
q−1
dE. (5)
The previous work [29] determined forward rates using
Eq. 3 but then simply determined reverse rates using
Eq. 4. In the present work we have used a coherent
treatment and numerically calculated forward and re-
verse rates using Eqs. 3 and 5. In addition, the previous
work [29] restricted the integral in Eq. 3 to a narrow en-
ergy range (±5∆E0). This approximation is actually not
sufficient for large values of δq [33]. In the present work
we have evaluated the integrals in Eqs. 3 and 5 without
such restrictions.
We show above the impact of q values on the for-
ward and reverse rates of two types of reactions. Here,
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FIG. 1: (Color online) Ratio between rates calculated us-
ing Tsallis and MB distributions for the 2H(d,p)3H reaction
as functions of temperature T9 and q values, (a) for forward
reaction (in linear scale), and (b) for reverse reaction (in log-
arithmic scale).
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FIG. 2: (Color online) Results for the 3He(n,p)3H reaction,
see caption of Fig. 1.
2H(d,p)3H is taken as an example of the charged-particle-
induced reaction, and 3He(n,p)3H as that of the neutron-
induced reaction. Both are among the most important
reactions involved in the BBN. The ratios (R) between
reaction rates determined with the Tsallis-distribution
and MB-distribution are calculated for these two reac-
tions. Figs. 1 and 2 show the results for forward and
reverse rates as functions of temperature and q value.
Here, the cross section data for these two rates are taken
from the compilations of Refs. [16, 17]. In the region
of 0.1≤T9≤1.0 and 0.91≤q≤1.1, the forward rates calcu-
lated with the Tsallis-distribution deviate from the MB
rates by relatively modest factors of, at most, 2 and
0.02 for the 2H(d,p)3H and 3He(n,p)3H reactions, respec-
tively. However, the reverse rates for both types of re-
actions are supersensitive to deviations of q from unity.
For 0.91≤q≤1 (i.e., q<1), the corresponding Tsallis re-
verse rates deviate tremendously from the MB rates by
about 200 and 30 orders of magnitude for 2H(d,p)3H and
3He(n,p)3H reactions, respectively. For instance, even
with a very small deviation (q=0.999), the Tsallis re-
verse rate of 2H(d,p)3H is about 1010 times larger than
the MB reverse rate at 0.2 GK. Here, the reverse rates
with q>1 are not shown because they are negligible [33]
in comparison with the MB rates.
In order to explain qualitatively such supersensitivity,
we define the factor [1-(q-1)E+QkT ]
1
q−1 in Eq. 5 as Pq(E).
If |1-q|≪1, Pq(E) can be expressed by the first-order ap-
proximation with [34]
Pq(E) ≈ exp
[
−
E +Q
kT
+
(
E +Q
kT
)2
×
1− q
2
]
. (6)
The ratio R defined above for the reverse rates, can then
be described approximately by R > exp[( QkT )
2× 1−q2 ] for
q<1, and R < exp[( QkT )
2× 1−q2 ] for q>1. It shows R ex-
ponentially depends on the non-extensive parameter q,
reaction Q value and temperature. In fact, the sensitiv-
ity of Pq(E) (i.e., the tail of distribution) on q results
in the huge deviations for the reverse rates compared to
those MB rates. The supersensitivity of reverse rate on
the parameter q has a very important impact: for q<1,
the reverse rates are much larger than the forward rates,
meaning that BBN is increasingly limited in its extent;
on the other hand, for q>1, the reverse rates become neg-
ligible compared to the forward ones, an opposite effect
to q<1.
We have investigated the impact of our new rates
on BBN predicted abundances of D, 3He and 4He
and 7Li using the code developed in Ref. [35]. Re-
cent values for cosmological parameters and nuclear
physics quantities, such as the baryon-to-photon ratio
η=(6.203±0.137)×10−10 [36], and the neutron lifetime
τn = 887.7 s [37], have been used in our model. The num-
ber of light neutrino families Nν=2.9840±0.0082 deter-
mined by CERN LEP experiment [38] supports the stan-
dard model prediction of Nν=3, which is adopted in the
present calculation. The reaction network involves nuclei
with A 6 9 linked by the 34 reactions given in Table I.
In total, 17 main reactions in the network [15] have been
determined using non-extensive statistics, with 11 reac-
tions [15] of primary importance and 6 of secondary im-
portance [18] in the primordial light-element nucleosyn-
thesis. The standard MB rates [12, 14, 19, 42, 47, 48] have
been adopted for the other reactions listed. Only those 11
primary important reactions were implemented with the
non-extensive statistics in previous work [29]. Our pre-
dicted primordial BBN abundances with the usual MB
distribution (i.e. q=1) are listed in Table II. The predic-
tions by Bertulani et al. [29] (with MB distribution) and
Coc. et al. [49], as well as the up-to-date observed abun-
dances are listed for comparison. Our results are quite
consistent with those previous predictions [8, 29, 49], and
4TABLE I: Nuclear reactions involved in the present BBN net-
work. The non-extensive Tsallis distribution is implemented
for 17 reactions shown in bold face. The references for the
nuclear physics data adopted for each case are also listed.
Reaction Ref. Reaction Ref.
(1) n → p [37] (18) 2H(α, γ)6Li [16, 19]
(2) 3H→3He [39] (19a) 3H(α, γ)7Li [17]
(3) 8Li→24He [40] (20a) 3He(α, γ)7Be [17]
(4) 6He→6Li [41] (21a) 2H(d,n)3He [17]
(5) 6Li(n,γ)7Li [42] (22a) 2H(d,p)3H [17]
(6) 2H(n,γ)3H [12] (23a) 3H(d,n)4He [17]
(7) 6Li(p,γ)7Be [19] (24a) 3He(d,p)4He [17]
(8) 6Li(n,α)3H [14] (25) 7Be(d,p)24He [14, 46]
(9) 3He(n,γ)4He [12] (26) 7Li(d,n)24He [14]
(10a) 1H(n,γ)2H [43] (27) 3He(3He,2p)4He [14]
(11a) 3He(n,p)3H [17] (28) 7Li(n,γ)8Li [12]
(12a) 7Be(n,p)7Li [17] (29) 9Be(p,α)6Li [14]
(13a) 7Li(p,α)4He [17] (30) 24He(n,γ)9Be [14]
(14a) 2H(p,γ)3He [17] (31) 8Li(p,n)24He [12]
(15) 3H(p,γ)4He [44] (32) 9Be(p,d)24He [14]
(16) 6Li(p,α)3He [16, 19] (33) 8Li(n,γ)9Li [47]
(17) 7Be(n,α)4He [45] (34) 9Li(p,α)6He [48]
aOf primary importance in the primordial BBN [15].
TABLE II: The predicted abundances for the BBN primordial
light elements with the usual MB distribution (i.e. q=1). The
observational data are listed for comparison.
Abundance Present Ref. [29] Ref. [49] Observation
4He 0.2485 0.249 0.2476 0.2465±0.0097 [50]
D/H(×10−5) 2.54 2.62 2.59 2.53±0.04 [51]
3He/H(×10−5) 1.01 0.98 1.04 1.1±0.2 [52]
7Li/H(×10−10)a 5.34 4.39 5.24 1.58±0.31 [1]
aA value of 7Li/H=(4.8±1.8)×10−10 was recently observed for
the SMC [9].
also agree well with the observations for D, 3He and 4He.
In addition, all BBN predictions (with MB distribution)
for the Li abundance are consistent with the value re-
cently observed for the SMC [9].
The least-squares fits have been performed to search
for an appropriate q value with which one can well re-
produce the observed primordial abundances. The χ2 is
defined by the minimization of
χ2 =
∑
i
[
Yi(q)− Yi(obs)
σi
]2
, (7)
where Yi(q) is the abundance (of nuclide i) predicted with
a non-extensive parameter q, and Yi(obs) is the observed
one with σi the observational error. We have examined
two cases: the first calculates χ2 using only the primor-
dial D, 3He and 4He abundances, and the second uses the
SMC 7Li abundance as well. χ2 is plotted in Fig. 3 as a
function of parameter q varying from 0.94 to 1.06 (i.e.,
deviation of ±6%). The relatively narrower range of q ex-
plored here, compared to Ref. [29], was chosen owing to
0.94 0.96 0.98 1 1.02 1.04 1.06
10−2
100
102
104
106
108
q
χ2
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Without 7Li
FIG. 3: (Color online) Calculated χ2 as a function of non-
extensive parameter q by using the observed primordial abun-
dance data. The (red) dashed curve (points) represents the
case using the observed primordial abundances of D, 3He and
4He to determine χ2, and the black solid curve (points) for
the case with the additional constraint of the observed SMC
7Li abundance.
the supersensitivity of the reverse rates on q as discussed
above. This supersensitivity has a very important conse-
quence: the Tsallis distribution cannot be allowed to de-
viate very much from the classical MB distribution for the
Big-Bang plasma. Figure 3 shows gracefully that the χ2
function is minimized at unity (i.e., q=1). The predicted
D/H, 3He/H and 4He abundances agree with observa-
tions at the 1σ level for deviations δq=(-0.06∼0.001)%,
(-0.8∼0.5)% and (-0.2∼0.2)%, respectively. If we adopt
the strongest observational constraint, i.e., that of the
deuteron, we conclude that the deviation from the MB
distribution must be less than |δq|=6×10−4. Compar-
ing this value to the previously estimated deviations of
(-0.34∼0.34)% [30] and (-12∼5)% [29], our constraint is
the most stringent one to date. For the fit with the SMC
7Li abundance (labeled “with 7Li” in Fig. 3), the pre-
dicted 7Li/H abundance agrees with observations at the
1σ level for deviations δq=(-0.4∼0.3)%.
In addition, we have searched for a value of δq that
would reconcile BBN predictions with the 7Li abundance
observed in Galactic halo stars: we find δq≈0.985%. Un-
fortunately, even this small deviation of q from unity
would make the predicted abundances of D, 3He, and 4He
significantly deviating from the observations by 43.5σ,
1.6σ and 3.0σ, respectively. Therefore, the cosmological
lithium problem cannot be solved by the application of
non-extensive statistics discussed here.
We find that the comparison of predicted and observed
primordial abundances verifies the applicability of the
classical Maxwell-Boltzmann distribution for the veloci-
ties of nuclei during Big-Bang nucleosynthesis. Nonethe-
less, the present work reveals the striking impact that
the use of non-extensive statistics may have on calcu-
lations of thermonuclear reaction rates. Indeed, nucle-
osynthesis in more extreme astrophysical sites such as
supernova explosions may be profoundly affected by the
5supersensitivity of endothermic rates on the value of the
non-extensive parameter q. We encourage extensions of
the present study to further interrogate and test the usual
assumptions of classical statistics in stellar environments.
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